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ABSTRACT: A mean-field theory of phase equilibria in solutions of semiflexible telechelic polymers is
presented. All functional groups at the ends of telechelic chains are assumed to be associated in 2-fold
and 3-fold aggregates. It is shown that with a nonzero probability of 3-fold aggregation, infinite cluster
(reversible network) formation always occurs as a first-order transition, implying an equilibrium between
a gas of small rings and a network of finite density, mixed with rings. The phase-separation region is
narrow if the effective energy of a 3-fold cross-link is high enough, but it might be also very wide (implying
a large ratio of network volume fraction to that of rings in coexisting phases) if the cross-links are favorable.
In the latter case clusters of three telechelic chains (triplets) might become more favorable than rings;

more complex finite clusters are never important.

1. Introduction

Polymer systems with annealed molecular weight
distributions are generally interesting. As important
examples we mention equilibrium polymerization,! re-
versible gels,?~7 and living polymers.8-12

The equilibrium polymerization phenomenon has
been extensively studied in the past.}5-18 We start with
a solution of monomers which could form polymer
chains. As the chemical potential, x4, conjugate to the
monomer concentration increases, the average molec-
ular weight also increases.15-18 Only polymer rings will
be present in the solution if the statistical weight
associated with free ends formally tends to zero.'1® In
this case an increase of u results in a second-order
transition accompanied by an appearance of an infinite
ring (rings) at some critical u*. The low-concentration
phase (for x4 < u*) consists of finite rings; it is dominated
by relatively small rings. This transition has been
studied both for ideal solutions!”19-2! and for a good-
solvent system; in the latter case a novel critical
behavior characterized by specific exponents related to
those for the Ising model has been revealed.l:22

The aim of the present contribution is to consider the
transition described above for a system where a revers-
ible cross-linking is also allowed. In this case the
“infinite ring” component is, in fact, a network. With
cross-linking we predict a first-order transition which
in some regimes could be described by a mean-field
approach. We thus avoid complications related to a
specific critical behavior in the vicinity of the original
transition.1'22 The effect of cross-links on systems of
living polymers has been considered in ref 12, where
the possibility of ring formation was not taken into
account. The results for a system of telechelic polymers
(which play the role of plain monomers for a normal
polymerization) in the regime of marginal solvent qual-
ity are considered in this paper. For simplicity we focus
on the case of semiflexible wormlike chains for which
the mean-field approximation is valid.

The transition studied below is similar not only to a
formation of an infinite ring during equilibrium polym-
erization but also to a sol—gel transition associated with
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reversible gelation which was studied theoretically in
refs 2—7. These issues are discussed in the last section.

2. The Model and Free Energy

2.1. The Model. Let us consider a solution of
telechelic polymers which could associate by ends and
form long chains (Figure 1a). Each telechelic is as-
sumed to be semirigid: the total length of the middle
block, L, is much larger than the Kuhn segment, I: L
> [ > d, where d is the effective chain thickness. We
also assume that the end blocks are very short (their
length is <I).

Formally, the statistical weight of a 2-fold aggregate
is defined as

W, = [lexp(~U,(r) - 1] d&°r

where Us(r) is the energy of interaction of two end
functional groups separated by distance r and kgT is
the energy unit. The weight can thus be estimated as
Wa ~ v exp(E3), where v ~ d2 is the effective volume of
the aggregate, and E; = max(—Us) is the energy of
association of two end groups. We assume that the
binding energy is very high, E; > EgT, so that there
are almost no free associating groups: they all are
combined into pairs since the probability of a free end
is proportional to (1/W3)V2 and thus is extremely (expo-
nentially) small.

We also allow for association of z = 3 groups (see
Figure 1b—d). The corresponding statistical weight is

W3 — f{e—Ua(rl,rg,rs) _ e—Uz(rg—!‘1) _ e‘Ug(ra—rz) -
e VAT 4 93 ¢, dlr,

where Us(ry,ra,rs) is the total energy of interaction of
three functional groups. Obviously W3 ~ v2 exp(E3),
where E3 = max(—Us) is the total binding energy in a
3-fold aggregate. As there are no free ends in the
system, formation of m 3-fold aggregates implies de-
struction of 3m/2 of pairs. Therefore, the corresponding
relative statistical weight is Wy™/Wyp3"/2 = wm, where

w = WyW,¥% ~ v'2 exp(E, — 3E,/2) )

is the effective (relative) weight of a 3-fold aggregate;
w = 0 corresponds to zero probability of a 3-fold junction.

© 1995 American Chemical Society
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Figure 1. (a) Telechelic chain with L, the total contour length,
{, the Kuhn segment, and d, the effective thickness. (b) Small
rings. (c) A triplet. (d) A cross-linked ring.

Larger multiplets (with z > 3) are assumed to be very
unfavorable and thus are forbidden.

Thus, in the general case the system consists not only
of telechelic rings and a network component but also of
more complex finite clusters such as are shown in Figure
lc,d. We shall see that these finite clusters do not
normally give a noticeable contribution to the free
energy of the system: they are dominated by rings (the
only special case where finite clusters other than rings
are important is considered at the end of the next
section). It is only the infinite cluster (a network with
functionality z = 3) that is important.

The solution is assumed to be athermal: interaction
between polymer chains is exclusively due to excluded
volume, with a virial coefficient equal to Bgy(d) =
(72/2)A%d 23 for two short parts of chains of length 4 (it is
assumed that d < 4 < [). In a very dilute solution
telechelics must form primarily the smallest possible
rings, with one telechelic per ring; their spatial size is
Ry ~ (L1)°5, As we are going to develop a mean-field
theory, we assumed that even in the dilute limit a
telechelic chain is not swollen, that is, the Fixman
parameter of excluded-volume interactions, Z ~ Bg(l)
(LIDYR® ~ LO3d/I15, is small, i.e.,24

L < 1%/d? (2)

The last condition ensures that the system is in the
marginal solvent regime, and thus a simple virial
expansion for the free energy of interaction, Fiy, is valid
if the concentration is low enough. In the second virial
approximation we write??

F,, = (4/n)¢? (3)

per unit volume. Here ¢ is the polymer volume fraction
(¢ = ¢V, where c is the concentration of telechelic chains
and Vo = (n/4)Ld? is the volume per chain) which is
assumed to be small throughout the paper, ¢ < 1. The
diameter d is taken as a unit length here and below.
Equation 3 is valid provided that the solution is
isotropic, i.e., for ¢ s 10d/].28

The total free energy is F = Finy + Feonr, where Feons is
the conformational part, which is considered below for
the system of rings and for the network.
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2.2. Free Energy of the Gas of Rings. Let us
consider first the system of rings; let c(n) be the
concentration of rings consisting of n telechelic poly-
mers. The (conformational) free energy of the system,
Fy, is primarily due to the translational entropy of rings:

2ne(n)
Fp=>Ycn)l
" zﬂ“cn n(eB(n))

where B(n) = (3/27)15(nlL)~15 is the a priori probability
that two ends of an n chain (a chain consisting of n
telechelics) meet each other; the additional factor 2n
under the logarithm accounts for the intrinsic symmetry
of a ring (enumeration of telechelics in a ring can go in
two directions and can start from any of » entities). The
total concentration of telechelics in the ring phase is cg
= Yanc(n). Minimization of Fg for a given cg results in

(4)

Bn)

o exp(un) (5)

cln) =

where 4 < 0 is the corresponding chemical potential.
The free energy is

Fp=pcp — Y c(n) 6)

The largest permissible concentration of rings is finite,
_1/3\15 1

¢ =53] EL6) (1)

and corresponds to 4 = 0. For cg < ¢g we approximately
write cg = ¢(1) = [B(1)/2]exp(u), and thus

2cy

Fg=cy ln(—eB(l)

), Cr < ¢ 8)

In the following we are mostly interested in the region
CcR = co; assuming that Ac = cg — c¢g is small and
negative, we write (after some transformations and
elimination of u):

Fy=Fy - 2K(A0® + (((Ac)") 9)

where Fy = —1/2(3/271L)!5¢(2.5) and K = (872%27)(IL)3.

Equation 9 can also be justified as follows. Note that
the distribution (eq 5) implies that 4 = —const (Ac)?,
where —Ac > 0 is assumed to be small (to see this, one
needs to calculate ¢ = ¢o + Ac = Tncln) using eq 5).
Therefore, the general relation

dFg/de = u (10)

immediately gives rise to Fr = F(cp) — const(Ac)3, in
agreement with eq 9.

2.3. Free Energy of the Network. Now let us turn
to the free energy, F, of a reversible network formed
by telechelic chains.

In order to calculate Fn, we use the method proposed
in ref 12 for living networks. We start with a system
of free linear subchains consisting of telechelic mol-
ecules. Let c(n) be the number of n subchains per unit
volume. The system is then converted into a network
of functionality z by cross-linking the end functional
groups (the arguments here are generally valid for any
z; we will set z = 3 at the end of the derivation). We
first consider the cross-linking points as an independent
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ideal gas. The average concentration of the points is g;
= o/z, where ¢ = 2X,c(n) is the concentration of free
ends of the subchains.

We assume that the network is “unsaturated” (weakly
cross-linked), in other words, that the average spatial
size of a subchain, R, is much larger than the typical
spatial distance between neighboring cross-linking
points: oR3 > 1. This condition is verified below.

The ideal-gas free energy of the reference system of
free subchains and free cross-linking points (not con-
nected with each other) is

c(n) o
Foe=Ycn)In—+¢g/In— (11)
n e e

In order to convert the reference system into a network,
we need to impose an additional condition that there
are exactly z free end functional groups near each cross-
linking point. The probability that this condition is
satisfied is thus P; = I1,,p;, wherem = 1, 2, ...,. I'runs
over all cross-linking points.

For an unsaturated network (assumed above) the
number of neighbors (other free ends) in the region R®
accessible for a free end of a given subchain (which is
about to be cross-linked) is large (on the order of gR3 >»
1) so that the fluctuations of this number are relatively
small and hence the probability p,, of the mth cross-
linking nearly does not depend on how the chains were
connected during the previous stage (does not depend
on the current network topology). The probability p.,
is determined only by the current density of free chain
ends: pn, = o(mF, where g(m) = p(1 — mz/\}. Thus,
we obtain the partition function of the network Zy =
Z..Puw ', where w 'is the effective statistical weight due
to all. {cross-links. The free energy Fy = —In(Zn)/V is

o In(w)

FN=F,ef—91n§— (12)

where the second term on the right-hand side accounts
for the combinatorial factor corresponding to network
formation (note that this term effectively includes both
topological and thermal fluctuations of the network
structure!). In the last term —In(w) is the effective free
energy of a z-fold junction.

Note that w can be smaller than 1 (junctions sup-
pressed) or larger than 1 (junctions promoted). In the
latter case one can still have an unsaturated network
due to the entropic penalty of junction formation, which
is large since the characteristic size of one telechelic is
much larger than the junction size.

Minimization of Fiy for a given total concentration of
telechelics in the network phase, cn = Xne(n), yields

)2/2 2(1-1/z)

c(n) = (zw)** exp(un)o

where 4 < 0 is the chemical potential conjugated with
eN. The free energy is Fn = o(1/2 — 1/2) + ucn.
Assuming that {u| < 1, we get!?

Fy = —(2/2)xey™ (13a)

where x = 22°"1lw (see eq 1). Equation 13a is valid if cx
<« %2/2-2_ In the opposite limit (which corresponds to

Solutions of Associating Telechelic Polymers 7881

|| > 1) the result is

C
Fy = —cN(S nx+(1-2m ;N) (13b)

The average number of telechelics in a subchain
(network strand) is on the order of i ~ %~ lenl=42>» 1,
in the regime corresponding to eq 13a, and on the order
of 1 for the regime, eq 13b.

Now let us put z = 3. Note that the concentration
dependence of the conformational free energy of the
networks (eq 13a), Fiy o ¢¥2, is quite different from the
standard behavior of the free energy of ideal perma-
nently cross-linked networks:1314 for the latter systems
the free energy is basically proportional to concentra-
tion. The main origin for this difference is that the
structure of reversible networks considered here is not
fixed, by rather is determined by equilibrium conditions.
In particular, the equilibrium dictates that the average
length, AL, of a strand of the reversible network does
depend on concentration, 7 « ¢~¥2, leading to a different
behavior of all thermodynamic properties.

The network is unsaturated if oR® > 1, where ¢ ~
cn/7 is the density of junction points and R ~ (RLD)Y2 is
the size of a subchain; thus, we get the condition

en? > (L) (14)

in the regime of eq 13a or simply cy > co ~ ((L)™32 in
the regime of eq 13b. Note that an unsaturated network
is always characterized by three different scales: the
subchain size, R, the typical distance between neighbor-
ing junction points, A ~ @ 13, and the size of the
concentration blob, £ (the latter is determined by the
relation ex ~ n(E)/E3, where Ln(&) ~ £2/1 is the contour
length of a subchain part of spatial size &), so that R >
A > £, More precisely, R/A ~ (oR%)Y3 and M/£ ~ (oR3)%3.
For a saturated network (oR3 ~ 1) all these scales are
of the same order.

So far we assumed that the polymer subchains obey
the ideal (Gaussian) statistics. This assumption is valid
in the regime of marginal solvent, that is, if the
concentration of the network phase is not too low: the
contour length of the concentration blob must be smaller
than [3/d2 (see eq 2), so that

oy = Ve > 18 (15)

3. Reversible Network Formation in the
Telechelic System

We are now in a position to specify the total free
energy of the system. For low concentrations (when
only rings are present) the free energy is F = Fip + Fy
where Fiy; and Fg are determined by eqs 3, 8, and 9 and
the volume fraction of polymer is ¢ = Vicg.

At higher polymer concentration the system consists
of two basic components—the network and the (finite)
rings of different sizes. The free energy is

F= Fint(¢) + FR(CR) + FN(CN) (16)

where Fy is determined by eqs 12—14, and the total
polymer volume concentration is ¢ = Vi(eg + en); in this
section we set z = 3. Of course, the chemical potentials
for the network component and for the ring component
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Figure 2. Free energy, F, as a function of polymer volume
fraction, ¢. Phase separation occurs in the region between ¢1r
and ¢ong.

must be equal at equilibrium:

oFy _ o an
dg oy

Equation 17 does not define a binodal but rather is a
condition of equilibrium between two components (net-
work and rings) within the same phase. The spinodal
corresponding to the onset of thermodynamic instability
of the low-concentration (rings) phase can be also easily
found. Let us consider the free energy of the system as
a function of ¢y for a given total concentration ¢ = cg +
en. In the regime ¢ < ¢p and for small ¢y < ¢ we get
using eqs 10 and 13a: F = const — ucy — const cn®?,
where 4 < 0. Obviously cy cannot be negative; there-
fore, F increases with ¢y, and thus the system is stable
in the region ¢ < ¢g. On the other hand, for ¢ = ¢¢ using
eqs 9 and 13a we get F' = const + const enx® — const cx%2,
so that the free energy decreases as the network
component appears. Therefore, ¢ = ¢o corresponds to
the spinodal point (which is independent of x).

A transition from rings (R) to network + rings (NR)
is expected in the vicinity of ¢o = coVp = (/8)(3/27)! 5¢-
(1.5)L795]-15 (see eq 7) which is in fact the largest
possible volume concentration for the R phase.

The typical form of the free energy F vs ¢ calculated
using eqs 16 and 17 for z = 3 is shown in Figure 2. This
can be obtained by considering the behavior of the total
concentration ¢y + cg as c¢n is gradually increased.
Equation 17 implies that in the region of interest a
decrease of concentration of rings, Ac, is proportional
to a fractional power of ex: |Ac| « ex¥4. That is why
the total concentration first decreases and then increases
(in the region of large enough cn). This results in a
characteristic “swallow-tail” feature of the plot which
always exists so long as cross-links are not suppressed
energetically (recall that there is always an entropic
suppression of cross-links). This ensures the presence
of a first-order transition between R and NR phases.
The volume concentrations of polymer in coexisting
phases (¢1r and ¢ongr), Which can be calculated in a
standard way (requiring equal osmotic pressures and
chemical potentials of telechelics in both phases), are
also shown in Figure 2.

The characteristic width of the swallow tail can be
easily estimated by eqs 13a and 9 as

Ag ~ 3PP

The assumption of an ideal (unswollen) network is valid
if A¢ > 1/I° (see condition (15)). Thus, the mean-field

Macromolecules, Vol. 28, No. 23, 1995

theory is applicable if
x> = (LI (18)

For » ~ sy, the two-phase region is narrow: (¢ong —
GIR/P1R ~ Ad/po ~ (L/I3)V2 < 1 (see inequality (2)). In
the region » < xn;, the transition is even weaker and
the network appearing at the transition point is very
dilute and thus is swollen; this regime is briefly con-
sidered in the Discussion.

Here we focus instead on the regime x > xyu, for
which the mean-field approach is valid. If, in addition,
# < %1 = L, then the volume concentration of rings in
both phases is close to ¢9. Phase equilibrium between
the ring (R) and network with rings (NR) phases can
be analyzed in a standard way: one needs to equate the
chemical potentials and osmotic pressures in both
phases. The predicted total concetrations in the R and
NR phases are

1312 «
¢1R=¢O_Z('2—r_[) L (19)

Ponr = Pon T Dor

The concentration of network in the NR phase is

4 #2
Pon = 9 I3 (20)
and that of rings is
Gon = by — Som) P (21)
2R 0 4 (Ll)3/2

Equations 19—21 are valid in the region smy;, < » < x;.
Note that condition » > x.;, ensures that the network
concentration at the transition point (eq 20) is high
enough, so that both conditions of validity of the present
theory, eqs 14 (unsaturated network) and 15 (Gaussian
statistics of subchains), are fulfilled.

The relative width of the two-phase region is w =
doNr/D1R — 1 = (se/x*)2 where »* ~ L5434 Thus the
transition is weak (w < 1) if ¥ < »* and strong if » >
»* (note that »* ~ (minx1)¥2). Simultaneously, the
fraction of rings in the high-concentration NR phase is
large when the transition is weak and small in the
opposite case. As the concentration of the NR phase is
further increased, the volume fraction of rings de-
creases; it becomes much smaller than ¢y if the total
concentration ¢ is much larger than ¢* ~ L/x2.

The mean number n; of telechelics per network
subchain is large at the transition point, ns ~ L%/? and
then decreases as the concentration is increased; in the
region ¢ > ¢* nearly all strands consist of exactly one
telechelic, ng = 1. (This does not necessary violate our
assumption of an unsaturated network.) Note that the
characteristic maximum (cutoff) number of telechelics
per ring, 7, in the NR phase is always of order ng; note
also that the absolute value of the second (correction)
term in the right-hand-side of eq 21 is on the order of
the volume fraction of rings with n ~ ns.

Let us turn now to the regime, »x > »;, where the
transition is very strong (the separation region is very
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wide). Here we find

9 1 (Lys
P = Saaaps P i x)
1
G =375 G =R exp(—2/3) (22)

The relative width of the transition is thus w = ¢ong/
&g — 1~ (I3/L)Y2(»/%1)%3 > 1. Note that in both phases
the majority of rings consist of only one telechelic; the
same is true for the network strands. The total con-
centration of rings in both phases is much smaller than
the concentrations of network; concentration of rings in
the second (NR) phase is smaller than that in the R
phase by a factor ~2.

Let us check now the validity of the above treatment.
First, we assumed the ideal (Gaussian) statistics of
network strands and of rings (see condition (15)). This
assumption is ensured by the inequalities (2) and (18):
L < I® and # > #pin. Using the results of eqs 20—22,
one can easily check that the same inequalities ensure
also that the network that appears after the transition
is always unsaturated (that is, the strands on the
average are much larger than concentration blobs; see
condition (14)).

Finally we need to check if the clusters other than
rings (the simplest example is shown in Figure 1lc) are
important or not. This point is a bit more subtle. Let
us first consider the regime sy < % < #1. The
concentration of rings in both phases is on the order of
co ~ 1/(IL)"32, The concentration of triplets (clusters
of three telechelics shown in Figure 1l¢) can be easily
estimated as

¢y ~ coP P (ULYY"? (23)

where the additional factor #2 accounts for two three-
functional junctions. The ratio cy/co ~ #2/(1L)32 is always
small (it attains its largest value ~(L/I®)V2 « 1 for » ~
#1) and therefore triplets are negligible. Larger clusters
can be shown to be even less probable than triplets.
Obviously small rings (with n ~ 1) give the dominant
contributions to polymer volume fraction in the R phase.
These small rings, however, play only a secondary role
for the R — NR phase transition: its characteristics are
determined primarily by the longest rings with the
maximum (cutoff) number of subunits (telechelics) per
ring, A ~ 1|u| ~ 1/K(Acy)?, where u is the effective
chemical potential (see eq 5). As was already men-
tioned, /i ~ ns ~ L¥x? at the transition point. The total
concentration of rings with n ~ # is (see eq 5)

& ~ fic(fi) ~ cof ()

Let us estimate the relative contribution of rings with
one subchain (as shown in Figure 1d) with the same
total number of subunits n ~ 7/ (clusters with more
subchains are even less important). Obviously the
shortest subchains should dominate since the prob-
ability of a subchain of m subunits decreases as 1/m372,
The total concentration of these clusters is

¢, ~ ficgn’e (24)
where the additional factor 7 accounts for the fact that
a subchain breaks the symmetry of the initial ring. The
ratio £1/¢ ~ Acox? is thus much larger than cs/cy (eq 23).
Using the above results for 7, we get &1/& ~ (L/I3)05 < 1.
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Therefore, clusters other than rings could be always
neglected in the region under consideration (#pin < 2 <
#1): the above estimates imply that it is rings that
dominate among clusters of any given molecular weight.

In the region » > #; the cutoff number of subunits in
rings is #i ~ 1. Thus, we do not need to consider clusters
of large molecular weight. The concentration of triplets
can be estimated in analogy with eq 23:

Cy ~ c3x2(ZL)3/2

where ¢ ~ ¢r/L ~ co(L/%)%3 is the concentration of small
rings (see eq 22). Hence, cy/c ~ (#/%2)23, where

2y~ L1/4l9/4 = %,

Therefore, triplets again could be neglected in the region
# < x9, but they are important for » > x»5. In fact, it is
straightforward to show that in the latter region both
rings and larger clusters are dominated by triplets near
the transition point.

The equilibrium properties of the system in the region
# > u3 can be considered using the same approach as
before. The results are as follows. At very low concen-
trations, ¢ < ¢rr ~ (x2/3%), the system is a gas of small
rings, which transforms to a gas of triplets at ¢ ~ ¢rr.
The transition from triplets (T) to network + triplets
(NT) occurs at

3 1
brp = Ez1.5>1~5 exp(2)l—3 (25)

The network concentration in the NT phase is still ¢oy
== 1/3L, and the concentration of triplets in the NT phase
is lower than that in the T phase; in fact, we find ¢or ~
d11/exp(2).

4, Discussion

We have considered the equilibrium properties of an
athermal system of semirigid telechelic polymers with
functional end groups capable of 2-fold and 3-fold
association. Since free ends are forbidden (assumed to
be very unfavorable), the system is a gas of small rings
at low concentrations. We have shown that when the
concentration is increased, the system undergoes a first-
order phase transition which is accompanied by the
formation of a reversible network of telechelic polymers.
The volume fraction of network at the transition point,
¢9N, is finite; it is governed by the parameter » ~ exp-
(E, — zE9/2), where E, is the total effective binding
energy of a (z=3)-fold junction, and E; is the binding
energy of a pair of end groups. The results are sum-
marized in the schematic phase diagram shown in
Figure 3.

Avery dilute network with ¢x < ¢on is thus unstable.
This conclusion is similar to that drawn in ref 12 for
living networks without rings under various conditions
(the main difference, however, is connected with the fact
that in the present study the higher concentration phase
is a mixture of the network and the rings). In fact, we
can use the results of ref 12 in order to extend the
present consideration to the region of low % (% < xmin,
see eq 18) where the mean-field treatment fails. We
consider this briefly below.

In the region # < xy, both the network and the
longest (cutoff) rings are swollen and also the network
becomes saturated. Thus, we arrive there at essentially
a good-solvent regime. If we neglect additional subtle



7884 Semenov et al.

s
~ NT
-
-
MY [m e N e e e e -
e
-
e NR
-
1 l—
" i
l
e i e A /-
|
/e %o 1/L @

Figure 3. Phase diagram of the system of telechelic chains
in variables % vs ¢, where ¢ is the volume fraction of the
polymer and » ~ exp(E; — 3Eo/2) is the effective activity of a
3-fold function. Here ¢o ~ 1/(LI%)V%; the label R corresponds
to a gas of polymer rings, T, a gas of triplets, NR, a reversible
network mixed with rings, and NT, the network mixed with
triplets. The shaded area corresponds to a phase separation.

effects connected to screening by all intermediate
rings,>?? then the consideration of living networks with
excluded volume becomes directly applicable also to the
present system at low x (the presence of rings does not
essentially modify the free energy of a network interact-
ing by excluded volume with itself: in fact, small rings
do not screen the interactions in a noticeable way,
whereas the presence of large rings just changes the
excluded-volume free energy by a numerical factor). The
minimum volume fraction of the network was pre-
dicted!? to scale as ¢on o %173, where y3 is a certain
combination of scaling (and correction-to-scaling) expo-
nents characterizing long linear chains in a good
solvent. For z = 3 and for three dimensions the
approximate value is y3 =~ 0.56.12 Assuming a smooth
crossover between scaling (% < sy;,) and mean-field (x
> #min, €€ eq 20) regimes, we thus get

1
Pon ~ "(

% \179
I )

#min
for % < xmin. Note that the last equation is not much
different from the mean-field prediction (eq 20).

We stress that in the specified region defined by
conditions (2) and (18) the theory considered above is
asymptotically exact. In particular, we proved (rather
than merely assumed; see the previous section for a
detailed discussion) that in the whole region finite
clusters other than rings (clusters with more compli-
cated topology) are negligible: their relative contribu-
tion to the free energy and other relevant physical
quantities is small. This result can be explained as
follows. Obviously clusters other than rings must
include 3-fold junction points, and thus their formation
is generally suppressed if » is small. Of course, in the
region close to the spinodal point, co, complex clusters
become entropically very favorable, so that they would
be formed if this region were thermodynamically stable.
An important point, however, is that a reversible
network formation is always coupled with a first-order
transition which is strong enough: the region of phase
separation is always wider than the region where
complex clusters are important, so that the former
region includes the latter. The driving force for the first-
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order transition is the effective attraction between
telechelics implied by 3-fold junctions (attraction be-
tween three end functional groups gives rise to the same
type of effective interaction between polymers). The
width of the separation region is determined by the
driving force and also by repulsive excluded-volume
interaction which oppose the tendency for strong first-
order transition. However, for semiflexible polymers
considered here (d <) excluded-volume interactions are
relatively weak (note that in the limit d — 0 excluded
volume vanishes), and hence the separation region is
wide enough to suppress formation of complex finite
clusters.

The free energy of the reversible network considered
here (see, e.g., eq 13a) differs not only from the results
for permanently cross-linked networks but also from the
predictions of classical gelation theories (both percola-
tion and mean-field theories of treelike structures!4).
The main reason for the difference is that our model
includes two parameters (E9 and Ej3, effective binding
energies for 2- and 3-fold aggregates), rather than a
single one (like the probability of bond formation
between two functional units) as in classical theories.
In fact, we assumed that E; is very large, giving rise to
a possibility of formation of long linear superchains of
telechelics, the possibility of which was not really
accounted for by the previous models. It is these long
superchains of variable lengths that can form a very
dilute reversible network and imply the new scaling
concentration dependence of the network free energy,
Fy < en®2.

The obtained results can be rather easily generalized
for any functionality z, that is, for a system of telechelics
with end-groups that could associate either in pairs or
in z-aggregates. Since the model with z > 3 is physically
less important, we mention here the main results only
briefly. The behavior of the system with 2z = 4 is
qualitatively the same as that for z = 3: the system
undergoes a reversible gelation via a weak or strong (for
large enough »x) first-order phase transition. Forz = 5
additional phase separation between gels of different
density could occur in a limited region around » ~ L?72,
¢ ~ 1/L. For even higher functionalities, z = 6, the
characteristic swallow tail feature of the free energy vs
concentration plot (see Figure 2) disappears, and thus
the behavior qualitatively changes again: now the gel
formation occurs as a second-order phase transition if
z-fold junctions are not too favorable, » < », ~ L*~2, and
as a first-order transition in the opposite case.

It is also reasonable to apply the obtained results to
a system of living polymers (cylindrical micelles in
surfactant solutions). Here the end-cap energy might
be very large; in this case an effect of free ends could
be neglected. Simultaneously the energy of a 3-fold
junction (of a cross-link between three cylinders) might
be moderate, and thus a living network could be
formed.’?2 The micelles are normally very rigid, their
Kuhn segment being much larger than the diameter, /
> d. Thus the only most obvious difference between a
system of telechelics considered above and living poly-
mers is that in the former case a network must consist
of subchains of discrete lengths, which are multiples of
L. This difference is not important, however, as long
as the typical strand length is larger than the Kuhn
segment, [, in which case we can simply define the
subunit length as the Kuhn segment, i.e., L ~ [,

There is another difference: for living polymers (but
not for telechelics in the present model) the orientations
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(tangential unit vectors) must match at ring closure.
However, this effect does not modify the phase behavior
at all: it results just in an increase of the chemical
potential by a constant value, equal in all phases. In
fact, the same matching of orientations is implied when
a linear chain of subunits is creating gradually by
attaching the tail of a new subunit to the head of a
previous one. Also at a network junction point the
orientations of strands must match with orientations
of the arms of the junction (of course, we assume that
the angle between the arms is fixed and equal to 120°
for z = 3).

The characteristics of the gelation transition can now
be described by eqs 19—21: for ¢ < ¢g ~ 1/[3 the micelles
form rings with typical lengths of order [; the region
between ¢ and ¢y + A¢ corresponds to a phase separa-
tion between rings and a living network mixed with
rings, the network volume fraction in the high concen-
tration phase being A¢ ~ %2 d3¥/[3 (for 1 < »x < l/d). Thus
the formation of a living network with rings is a weak
first-order phase transition for x < ({/d)"2 and a strong
one in the opposite case (corresponding to low cross-
linking energy). The concentration of the gel phase for
x ~ l/d is of order d/I. The region » > l/d corresponds
to a new regime where the strands are expected to be
rodlike, and also a liquid crystalline ordering of micelles
is probable.

Reversible gelation has been recently considered
theoretically by Tanaka et al.2~7 for systems of associat-
ing polymers with a number of functional groups. It
was shown that the gelation being normally a second-
order phase transition might also be accompanied by a
phase separation. This phase separation, however, is
not due to intrinsic properties of the reversible network
as in the present treatment but rather simply due to a
poor quality of the solvent. It was also shown??3 that
the region of phase separation shrinks as the probability
of cross-linking is decreased. This result is in ac-
cordance with the conclusions of the present paper. Note
that there is one important difference between the
present model and the model considered in refs 2 and
3. In the latter model the probability of formation of a
junction between just two primary polymer chains, or
between many chains, is governed by the same
parameter—the probability of an elementary cross-
linking of two functional groups, in contrast with our
model where probability of a linear (ring) structure is
determined by the energy E», whereas branched struc-
tures (with 3-fold junctions) are governed by both E;
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and E;. That is why the model of refs 2 and 3 implies
that rings are always dominated by more complex finite
clusters, which are entropically more favorable. For the
same reason unsaturated networks with long subchains
are not likely to appear in that model (at least in a
region far from the percolation threshold) in contrast
with the predictions for the model considered in the
current paper.
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